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Feedback

How are lectures/tutorials? Is there a topic you're particularly struggling
with / want more support for?
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Lecture 1 is now on Canvas
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1.1 Lecture

Maths refresher I: sets, functions and optimization
Welcome to the first week of MXB261!

This week, we review the basic mathematical language of game theory: sets, functions, and
optimisation. This is important because games are formal models of choices and outcomes, and
we need these tools before we can analyse or simulate strategic decision-making in MATLAB.

Where and when?

The lecture is held at 9-11am on Monday in GP-B-121. If you are enrolled as an online student,
you may attend via Zoom .

The meeting ID: 845 0851 8756

Passcode: 349848

Materials from the lecture:

+ NOTES
Housekeeping: Week 1 Interactive Lecture Slides.pptx
Slides (final version): week 1_lecture_annotated.pdf 1,

* VIDEO
Zoom recording E» Password: TEY*V$6q



Backup space

nadiah.org
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nadiah.org

Feedback: Slow down

Via Slido QR code:
Thank you, your slides are well prepared. But Could you
please little bit slow down when you sharing slides.

Thank you so much for giving me feedback.

| definitely went too fast, finished 20 minutes before | expected.
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Feedback: What | will do

Things I'm going to try this lecture to slow myself down:
1. More writing on slides
® Won't slow my speaking, but will slow the slides
2. Cues to repeat content of slide

® If you miss it the first time, fingers crossed you'll catch it the the
second time
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MATLAB is slow / not working

MATLAB is running super slow:
1. Run in no-desktop mode. On Linux:

# add this line to your .bashrc
alias matlabcli='/usr/local/MATLAB/R2026a/bin/matlab -nodesktop
-nojvm -nosplash'

2. On Windows: Visual Studio Code can run a MATLAB terminal.

Last year, 1 student couldn’t get MATLAB running at all:

&_ GNU Octave -
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Today’s topics

1. Linear algebra

2. Probability

3. Markov chains

4. Solving ODEs (maybe, if time)
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Linear algebra: Three perspectives

Central problem, the linear system:
Ax=Db

Example:
A X b
~

—~ =
—1 1) [a] |2
-2 -1 ) n 1
You'll be using MATLAB, so | want to give you a conceptual
understanding. Three ways to think about:

1. Row picture
2. Column picture

3. Linear map
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1. Row picture: system of equations

N o
2 x 2 example in matrix form:

= A1 |

-

1 2

As the intersection of two lines:

@ ¢
/ X\
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1. Row picture: system of equations

3 x 3 example in matrix form

1 3 2 X1 -3

2 2 2| |z2| = [-2

3 5 6] [z3 —5
1

Intersection of three planes:

r+3y+2z2=-3 °©
2042y +22=-2 o
3r+5y+6z=—-5
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1. Row picture: system of equations

Higher-dimensional matrices

2 -2 2 9] [m 5
-3 3 2 5| |w| |2
3 5 —6 6||x| |-5
1 8 6 8] 8

Intersection of
higher-dimensional objects
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2. Column picture

Recall the row picture:
-1 1 T1 o 2
—2 1| |zo| |1 /

Its solution is:
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2. Column picture

The equation

o))

can also be written:

Tip-to-tail:

e 7,
oh g
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3. Linear map: x — Ax
A
Example: S e L r?-. :] ?:' ) q"-
pie: -1 2 ) - bg ~1 . :
Line: rTransformatm

, Original Grid x ; Transformed Grid A-x
® Grid points ® Transformed points

6 6 .

5 5

4 4 L}

3 3

: ‘ X A% \

1 [ / ~ e .

0 : t‘l’ 0
. e b l
-2 o o - -2 .
-3 -3
” - «
-5 -5
-6 -6
-7 T -7

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 -7 6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7
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3. Linear map: examples

7 A=IM2,-1],[-2, 21 7 A= [10.8, -0.9], [-0.1, 3.01] ) A= [[-2.0, -0.5], [-0.5, 1.01]
« Toromedpans « Torsomedpone « Tortomedpans

. O . . J .

. o\ . .

s s . s ‘

2 oy 2 p . f’ 7 :

a a1 -1 . X (]

i . - .

N . \ B

~ . - -

- . =

. \ = e -

R g S S B R 4 R e S T R R g S S B R4

A= [[-0.5, -0.9], [-0.5, 3.01] 7 A = [-0.5, -0.5], [-0.5, 1.0]] , A=IM1,-1], [-1, 21

« Tontomedpars + Torstomedpone « Toromedpans

. . . .

. . . \

B s s \

2 v 2 . 2 .

1 % N < x N \

4 v o Nat )Y 4

- . - . - .

B X 5 5 )

- - - \
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Matrix inverse

axz ('fl’ .
- N -
If v v X v
Ax=Db
2
then ‘
x=A"'b
“/ kaﬂ
>> A = [2 -1F -1 2];
>> inv(A)
ans_= \
0.6667 0.3333\ _ A
0.3333 0.6667 ) ~
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3. Linear map: inverse b— A~'b

=1
£ A (r' >> inv(A) * [4; -2]

e [0 il

Linear Transformation: A = [[2, -1], [-1, 2]]

, Original Grid x ; Transformed Grid A-x
® Grid points e Transformed points
6 6
5 5
4 4 L3
3 ( [ 3
2 2 * I 2 L3 * °
- A~
1 aEBE 'y~ WA
0 = [ 0
=
. B mad7WS) - .
-
2 —i 4 ~ - . \ (“'- L)
-3 -3 \
-4 -4 .
-5 -5
-6 -6
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3. Linear map: ?

Discuss: What's happening with the inverse here?

Linear Transformation: A = [[1, -1], [-1, 111
Original Grid x Transformed Grid A-x

7 7
e Grid points o e Transformed points
6 6 .
\
5 5 r ||P
4 4 o ('d‘!h' -
3 3
oo . ]
’ ! 1 rRrg
1 + * ' 1
o 0
4 s 3 s ddA) -
2 / —s _
-3 -3
-4 -4
-5 -5
-6 -6
-7 -7
-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7
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3. Linear map: no inverse

Linear Transformation: A = [[1, -1], [-1, 1]]

S Original Grid x ) Grid A-x
o Gridpoints o Transformed points
6 6
B 5
4 a
3 3
2 . 2
1 s s 1
-1 o 4 -
-2 - -2
= -3
- -
s s
- -6
- -7
7% 5 a3 2 12 3 4 5 ¢ 7% 5 a3 2 T2 35 4 5 6

>> A =[1-1; -1 1]; &7
>> inv(A) g~
Warning: Matrix is singular to working precision.
ans =
Inf Inf
Inf Inf
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Summary: Three Ax = b perspectives

1. Row picture:

a11C1 + a12X9 + ... = bl
21T + A22xo + ... = b2
2. Column picture:
| |
x1 |col 1| + 29 |col 2] +...=Db
| |
3. Linear map
r— Ax
"~

=b
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Highly recommend: 3BluelBrown

Linear transformations and matrices | Chapter 3, Essence of linear algebra

3Blue1Brown @ ;
® s L @ powe [sme
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Special directions

Can you spot some vectors that don't change direction?

Linear Transformation: A = [[2, -1], [-1, 2]]

, Original Grid x B Transformed Grid A-x
o Grid pgisffs o Transformed points

6 64 %

5 5

4 #‘ 4

3 3

2 2 °

1 ® ° 1

0 0
-1 . * -1
-2 ° -2 .
-3 -3
—4 - D
. x3 -
-6 -6
-7 -7

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 a4 5 6 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7
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Special directions & values: an mrrinsic Fropquj

B A=1[[2,-1),[-2,2]] ) A = [[0.8, -0.9], [-0.1, 3.0]] B A = [[-2.0, -0.5], [-0.5, 1.0]]
o Tanstormed points o Tansformed paints I o Tanstormed points
B 6 o B
4 4 4
3 3 LS \ 3
2 2 2
-1 a1 -1
-2 -2 -2
- = & -3
-a s -
-5 s -5
-5 -5 e -5
- T3 3 & 5 & e an e a———y T 34 56 - T3 3 & 5 &
B A = [[-0.5, -0.9], [-0.5, 3.011 S A = [[-0.5, -0.5], [-0.5, 1.01] A=1[[1,-1],[-1,2]]
o Tanstormed points \ o Tansformed paints o Tanstormed points
B 6
a 4
3 3 /
2 ¥ 2 . - /
1 1 « "
-1 a1 — e
-2 » 21—
- X =
-a -4
s . s -5
- -5 -6
5% S a5 4 T 3 3 & 5 & R e —y T 34 56 T S a5 A T3 T e
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Intrinsic directions and values

Linear Transformation: A = [[2, -1], [-1, 2]]

; Original Grid x Transformed Grid A-x
® Grid points c‘l ] ® Transformed points
6 —— Eigendir A=3 6 \ 2 —— Eigendir A=3
5 —— Eigendir A=1 s | 'x'b —— Eigendir A=1
—
4 4 .
3 3
2 ¢ 2 .
1 ® ° 1 .}
0 0
-1 . * -1
2 s 2
-3 -3
-4 -4
-5 -5 ')
!
B S xd

_7 .
-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 -7 -6 -5 -4 -3 -2 -1 0
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Eigenvalue problem

. e © ecin '
cleenvae mu.\‘“- eigen = 'intrinsic’
A vV = )\ A% s Transformed Grid A-x
eigenvector T T 6 L :ZZﬁ:’;ﬁmints
[ ﬁﬂ.‘ s —— Eigendir A=1
o & s \
Our example: e j |
%4 U, N \
2 —1| |1 1
= 1 °
-1 2 1 1 -1
2 —1][-1 -1 b
— 3 -4 )
-1 2 1 1 s
2y ( ¢, B

7
ml -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7
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Why | sometimes say ‘eigendirection’

If v is an eigenvector, then so is k v for any scalar k # 0 (incl. k < 0).

—_—

With pen and paper, | found: 0‘1 -3 v, = ("hl)

Linear Transformation: A = [[2, -1], [-1, 2]]

5 Original Grid x B Transformed Grid A-x
®  Grid points ® Transformed points

6 —— Eigendir A=3 6 —— Eigendir A=3

s —— Eigendir A=1 s —— Eigendir A=1

4 4 s

3 3

2 2 .

1 ® ® 1 .

0 o
-1 ° e -1
= . -2
-3 -3
-4 -4
-5 -5
-6 -6
-7 -7

-7 6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 -7 6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7
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Eigenvalue problem with pen and paper

Find )\;, v; pairs that solve:

Can we solve analytically for matrix size:

s0
°2x27 W .
oss1ble
oo f
® 3x37
o 4x4? A
e hi ? TS sible
higher? PM
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Eigenvalue problem in MATLAB

Av=JAv
>> help eig
eig - Eigenvalues and eigenvectors ‘ l l
Syntax V= '-zl lfv- Vs
[V,D] = eig(h) Vo !
Input Arguments o o -
A - Input matrix D = a ]
square matrix ) N, 0 -
o 9%

Output Arguments
V - Right eigenvectors
square matrix
D - Eigenvalues (returned as matrix)
diagonal matrix




Question: Eigenvalues in this example?

Linear Transformation: A = [[1, -1], [-1, 1]]

S Original Grid x , Transformed Grid A-x
e Grid points '1 e Transformed points

6 6

5 AN

3 4 [N

3 3 =

2 4 A d 2 a 4 o

1 * + 2 d 1

0 0
-1 o ¢ @ -1
-2 o - -2
-3 -3
-4 -4 R,
-5 -5
-6 -6
_7 _7 ™

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7

f
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Linear algebra: Summary

Inverse:
® [f Ax=b then x=A"1b
® |[n MATLAB: x = inv(A) * b

® Some matrices do not have an inverse

® singular, zero eigenvalue, determinant equal to zero, linear system
has no solution @7 infinde sel'ac.

Eigenvalue problem:

® Every matrix has (A, v) pairs that are intrinsic to that matrix, found
by solving the eigenvalue problem Av =Av

® |f v is an eigenvector, then so is kv for any scalar k # 0
® In MATLAB: [V,D] = eig(A)

e
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Probability: Principle of Indifference

The Principle:
If we have no grounds for distinguishing between possible
outcomes, then we should favour them equally. And the extent
of favouring can be represented by a probability.

Example:

® Flip of two coins, outcomes:
{HH,HT, TH, TT}
® Equal probability: P(HH) =1, P(HT) =1,

and SO oOn. CC, Roland Scheicher

*Google: Principle of Indifference paradoxes
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Notation

random variable its value

P(X < x)
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A random variable is a function

A random variable is a function that maps from outcomes to numbers
(or elements of some set)

Example: Flipping two coins. S:F:Ta‘gf tr:/éjlrljaensdztn
variable
We could define a random S X
variable X that counts the ( Y X (JH; ( ‘
number of tails HH 40
= 0D
o X(HT)=1 > 1
X (TH =
* X(TH) =1 TH ___(,,)——/
= ™
© XIT) =2 r | XOT 1,
—/ —\
2 vebhay

X is the function, not the values themselves. X can take values x from
the set of possible values X.
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Why is this useful?

Once we have defined a random variable X, we can ask probability
questions about it.

Example: Flip 2 coins, X is the number of tails

values of
the random

sample

Probability questions:

QUT

space

random
variable

variable

S
- X(HH)
[ ] P(X = 1) HT—\XA%
° P(X <1)7 I —
o B[X]? T xan
1L 2
G k) ) xan
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Example probability question about X

values of

What is P(X S 1)? sample the random
Pl‘ob' space rangom variable
("h').) S variable X f’.
Ps ) I
HT)
y, c—ps{ d X(HT)
— )
l: ' @‘ R
|
L€ @ X(TH)
. < x
4 ¢ T xmn . U

P(X <1)=P({s€ 5| X(s) <1})
= P({HH,HT,TH}) o
=ps(HH) + ps(HT) + ps(TH) -
—1/4+1/44+1/4=3/4 ~

QUT
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Usually, we deal with the PMF of X, not S

sample values of
Y iy, i QWF ?mbf\b‘ “‘30 n.
funr:StsiZn S variable X (0) w \
ps(HH) '@‘ X(HH) ( > ) 14’
PS(HT) @ X(HT) (l-) a ’
\ " / - /
ps(TH) /3@) '—L—'> 4 2
@ X(TH) (2 .
| ps(TT) v I)‘
\ ®, X(TT) .‘@ ) ™ /‘r—i

First, find PMF for X: px(z) = P({s € S| X(s) = z})

px(0)=P({HH}) =ps(HH) =1/4
px(1)=P{HT,TH}) =ps(HT) +ps(TH) = 1/2
px(2) = PUTT}) = ps(TT) =1/4
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Usually, we deal with the PMF of X, not S

values of

ili sample -
probavilty probability space random thiar:ia:ggm probability probability
fur:?tsizsm S variable x fur:s;(sm

N -
ps(HH X(HH
L e R E— O 7
1/4 e LsUHT) X(HT

HT—(\)_)G) px(1) 12
ps(TH —

1/aef2s@H) 1y | X(TH) R
ps(TT) px(2) )
= TT X 2 1/4

1/4

Now when we ask, “What is P(X < 1)?", we can use px directly:
P(X <1)=px(0) +px(1)=1/4+1/2=3/4

We often shorten px (z) to just p(x)
—_— .
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Probability distributions

probability distributions

discrete / \:ontinuous

L ‘{D
‘ -
!1 ares = l
C - -h‘-'x
o I 2
probability mass function (PMF) probability density function (PDF)
Two main requirements: Two main requirements:
1. Non-negative: p(z) >0 1. Non-negative: f(xz) >0
2. Sumstol: Y _.p(x)=1 2. Integrates to 1: [ f(z)dz =1
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Some notes on the PDF f(x)
e
'p ’ are=

e x T 0.00)
&
® For a continuous distribution, P(X = x) =0

® What's the probability that a student’s height is
exactly 172.0000... cm?

® The PDF f(x) does not give probabilities, it gives densities
® eg., it's possible to have f(z) > 1
® That's why, to find probabilities, we must take the integral:

P(angb):/bf(a:)dm &
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Notation

random variable distributed as

1 !
U ~ Unif(0,1)

name of distribution T T parameters 3 f
Exponential distribution: Normal distribution:
X ~ Exp(}) X ~ N(u,0%)

0 1 2 3 4 5 CC, Inductiveload
CC, EvgSkv
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Discrete expected value and variance

Thl"b"‘f

For probability mass function: lo 1 0.2 03 0%

P(X=uz)=p

Expected value:

=> wipi =—
i
Variance:

Var(X) = Z(wl Z$ Di — 2

i -\...-—--'""-'_

ox = \/Var(X)
A IS

Standard deviation:

QUT
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Discrete example

°* P(X=um)=p; probability mass function
x=[ 1 2= 3 4]; / z_i values -
p=1[0.10.20.30.4]; / p_i probabilities —

* BIX|=)7ipi dot - clemand wice expected value

EX = sum(x % p);

® Var(X) =3, 22p; — (E[XD2 - variance

13
EX2 = sum(x."2 ‘* P

varX = EX2 - EX"2;

® ox = /Var(X) standard deviation

SD = sqrt(varX);
ap——
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Continuous expected value and variance

For probability mass function:
Pla< X <b) = f(x)

Expected value:

Variance:

QUT
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Continuous example &

(1- :c2) on [-1,1]



Continuous example

Expected value: )
E(X) :/ zf(z) dx

(z-%1

[3-4-() =0

-

M

-
Py

U

3
[
5
4



Continuous example

(@) = % (1—2?) on [-1,1]
Variance: L
5 ‘ i Va;(X);/_1x2f(x)dx—E(X)2
; x
- ’Zg"x.,- % -
K [’E" - g ]-l
3 [3-4-(3 9]
S [% H (%))



Cumulative distribution function
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Discrete example

A random walk with different probabilities of stepping north, south, east,

and west. N =1
s —2
Define random variable, direction index D E —~25%
w8,
Probability Mass Function (PMF) Cumulative Distribution Function (CDF)
1.0 4 1.0 4
0.8 1 S 0.8
w
2
£ s
2 0.6 % 0.6
2 12 S %51\
'_5 o
S 04 2 04
& =
0.2 1/'4 g 0.2
' 1/8 1/8 o
0.0 - 0.01
1(N) 2(5) 3(8) 4 (W) 1N 2(S) 3(6) 4W
Direction Index d Direction Index d -
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Continuous example

Waiting time between events

Probability Density Function (PDF) Cumulative Distribution Function (CDF)
1.0 4 1.0 4 -
o*
\ — -
0.8 & = 0.8
g olt A
> / ) Pt = 4
) Q
2 0.6 © 0.64
[ Qo
a o
> a
Z 044 2 daq
: he :
024 é //N é 2 4
0.0 / / ¥o
0 1 2 3 a 5 0 1 2 3 4 5
Time t Time t
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Cumulative distribution: discrete

Discrete:
~

Discrete example:
L]

- "
[1/2, 1/4, 1/8, 1/8]; / probability mass function

>> pmf
cumsum (pmf)
——

>> cdf

cdf =
0.5000 0.7500 0.8750 1.0000

Zx'\b,‘.hf\w%/ﬂ

o

QUT

the university
for the real world




Cumulative distribution: continuous

Continuous:

) =PX <o)~ [

Continuous example:

ft)=Xe ™ fort >0

— —

Yt

O -1
-Ax
=] -e

- x _
) < ’-w_.v_. &LH_) :-e')‘x._(—e")
o

QUT
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Inverse transform sampling method

If F is the target CDF, then X = F~1(U) with U ~ Unif(0, 1), gives

mples from the distribution with F F. .
samples from the distribution with CDF F’ u:rano{,
Probability Mass Function (PMF) Cumulative Distribution Function (CDF)
1
1.0 4 1.0 4
7/8
2
4 o 4
0.8 Zos8 34
>

s - SE—
S 0.6 2 061 4
2 172 S 12 |l
a [-%
© [
g 041 Z 0.4 |
o i 1

0.2 - g'o 2. 4—

' 1/8 1/8 o

g B - L
0.0 * 0.0 \
1N 209 3B 4w 1N 29 36 4w
Direction Index d - l Direction Index d
as d=2 - f
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the real world




Inverse transform sampling method

Continuous example: exponential distribution, waiting time between
events, f(t) = Xe ™ and F(t) =1 —e M for t > 0.

Probability Density Function (PDF) Cumulative Distribution Function (CDF)
1.0 1.0
~ORA

— 0.8 = 0.84
= w
= >
2 =
£ 061 2 0.6
[ -g -
[a] o
> & ﬂ.l."——
= o
3 0.4 2 044
Q ]
o 3
£ €

0.2 6 0.2 4

A -
0.0 0.0 1 \"
0 1 2 3 4 5 0 1 2 3 4 5
Time t Time t
4 ' 0%
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Discrete example

pmf = [1/2, 1/4, 1/8, 1/8]; / probability mass function ==
dirns = ["N", "S", "E", "W"]; / directions -—
I
cdf = cumsum(pmf); / create inverse transform sampling, fnc
inv_cdf = @(u) find(cdf >= u, 1); dﬂ-o?\.a MDD .
—
>> cdf Cumulative Distribution Function (CDF)
cdf = 1.0 L
/2 3/4 7/8 1 o 18
>>u =0.8; 4 u = rand; §0.8 -
>> cdf >= u 2
e )
ans = E 0.6 1
1x4 logical ara/ay 8 12
o o 1 1 £ 044
>> find(cdf >= u) 5
ans = rs} ",hl § 0.2
3 4 ‘/
e -
>> find(cdf >= u, 1) ‘L
-— 0.0
ans =

3 1N 2(5 36 4w
— Direction Index d

45



Discrete example continued

pmf [1/2, 1/4, 1/8, 1/8]1; / probability mass function
dirns = ["N", "S", "E", "W"]; / directions

sep= [{10,43,[10,~] ...}

cdf = cumsum(pmf); / create inverse transform sampling fnc
inv_cdf = @(u) find(cdf >= u, 1); =
—— e

for step_nbr = 1:5 / display 5 steps
U = rand; /. draw uniform random value
dirn_idx = inv_cdf(u); / convert to direction index

disp(dirns(dirn_idx)); / display direction
A

end

Example run:

>> sample_dirns D

w-—+F"

=2m===



Continuous example

Flz)=1—e?

Invert the function:

>> lambda = 1;

@(u) -log(l - u) / lambda; e

>> inv_cdf =
>> u_samples
>> x_samples
x_samples =
0.2613
0.8016
0.8923
1.6764
1.6924

u=1—e
 —In(1-wu
n A

rand(5, 1); e~=—— § ed
inv_cdf (u_samples) _.

ho

'd

wniform -



Inverse transform sampling method: steps

Let U ~ Unif(0,1). For a random variable X with CDF F, the random
variable F~1(U) has the same distribution as X.

To sample a value z:
1. Define F~1

inv_cdf = @(u) ...; -~

2. Draw u from the standard uniform distribution

u = rand; -

3. Convert v into x

x = inv_cdf(u); .~
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Probability summary

Principle of Indifference
® Some new notation, e.g., P(X < z), X ~ Exp())
A random variable is a function that maps outcomes — numbers

® Discrete and continuous probability distributions, and 2 requirements
for both to be valid

Calculating the expected value and variance

Deriving the cumulative distribution function

® |nverse transform sampling method

QUT
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Markov chains

Markov property: Future state only depends on previous state, not the
sequence of states that preceded it (e.g., random walk)

For a discrete-time Markov process

P(Xtr_lzx'Xt:f:t_’;X_l:_ﬁ:l)
:P(Xt+1:$|Xt:$t) k P
g ).
TR

Markov chain: discrete time and discrete state

QUT
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Example: Tree-stump game

Consider a child jumping between two tree stumps:

Does this have the Markov property?

QUT
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Tree-stump game: Transition matrix

0.4

0.6 @D 0.8

0.2

We could store the probabilities in a matrix

from1  from 2

O'E Dcl to 1
A=
o4 0f| >

QUT
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Tree-stump game: Simulation

lued floe 2
+ ¥
- [0.6, 0.2; 0.4, 0.8]; ¢ 0.6 O
(‘Jl-g = |
/ inv_cdf l

cdfs = cumsum(T);
—=inv_cdf = @(u, prev_ lo%a-tlon) find(cdfs(:, prev_location) >= u, 1);

—

locations = [1';(zeros(1000, 1)1; / preallocate f""S"Dm

for step_nbr = 1:1000 =
prev_location = locations(step_nbr); 2
u = rand; / inverse transform -s’(;mpling -—
new_location = inv_cdf(u, prev_logation); B
locatlons(step nb¥ ¥ 1) = new locatlon, / store ° 4

H. (m@")

\

end

/ plot histogram

histogram(locations(2:end), "Normalization", "probability")

ylim([0, 11)

xlabel("location"); ylabel("frequency"); title("child location
frequencies")

QUT
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Tree-stump game: Simulation

child location frequencies

0.8

frequency
o
>

o
~

0.2

0.5 1 15 2 25
location
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Tree-stump game: Future distribution

Example - child starts on stump 1. We predict 1 jump into the future:
105

from 1
0.6 0.2 loc )
by ogH] R,
Xp \,
Two jumps into the future:
—
0.6 0.2][0.6 0.2][1 0.6 0.2] [0'6 0.447] lee!
{0.4 0.8] [0.4 0.8} H [04 08} 04} 0.56} loc2-

!
,{o“--___*-p T ‘LO' £3_

QUT
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Tree-stump game: Future distribution

>> x0 = [1; 0];

>> T2 * x0 . child location
s —
0.4400 08
0.5600 . "’3.
>> T~3 * x0 S oa .
ans = L1 s
0.3760 02
0.6240

oo jumps into the future?

0.6 0.2] 106 0.2 0.6 0.2
0.4 0.8] (04 0.8/ ""[04 038

QUT
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Example: Tree-stump game

0.6 0.2
r= {0.4 0.8

1. M1 =04, vi = (—1,1) -_—
2. do=1, vy = (1,2) T DDH!N“W

Linear Transformation: A = [[0.6, 0.2], [0.4, 0.8]]

] has two eigenvalue eigenvector pairs:

Original Grid Grid Arx T Grid A%:x

QUT
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Find the stationary

distribution

Solve the eigenvalue problem

>> T = [0.6 0.2; 0.4 0.8];4&
>> [V, D] = eig(T)
vV =

-0.7071  -0.4472

0.7071 -0.8944 -

. |
0.4000 A
0 1.0000

>> V(:, 2) / sum(V(:, 2))
ans =

0.3333 /%

0.6667 e,

QUT
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Markov chain: Summary

The stationary distribution of a Markov chain solves an eigenvalue

problem
Tx* =x

Provided that the chain is:
® |rreducible: every state can reach every other state eventually

® Aperiodic: chain doesn't get stuck in fixed-period cycles
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Preview: Ordinary differential equations

Examples | will use: population growth models and initial value problem

Let y(t) be the number of individuals in a population at time ¢

Unconstrained growth model: Constrained growth model:
dy dy Y
W\ Y\ (1 - 7)
at Y a - YUK
Y

QUT

the university
for the real world




Initial value problem in MATLAB

Given that the intial population size is y(0) = 1, solve y(t).

unconstrained growth

For unconstrained growth:

/ parameters
yO = 1; / initial pop size
lambda = 0.3;
t_span = [0 10]; / soln timespan s

population size y(t)
5

/ differential equation o 2 s s s 10
dydt = @(t, y) lambda * y; et

growth

/ solve using ode4b
[t, y] = ode45(dydt, t_span, y0);

>

/4 plot
plot(t, y, "LineWidth", 2)

IS

population size y(t)

2

time t

QUT
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Quiver plot

Visual tool for understanding system dynamics.

solutions to dy/dt =)\ y

d for A =0.3
Dynamics: d = \y 8 B
dt |l
Parameter: A = 0.3 6l

population size y(t)
w




Example: unconstrained growth

solutions to dy/dt =\ y

TSN ENEYy
. d —

Dynam'csidfizw CLAPSLS
o SIS
Parameter: A = 0.3 S S S
Initial values: § op LSS LSS ST
- N P
* y(0) = Sl S
e y(0)=2 g: VA A A S A A A A A
° y(0)=4 2r 72770227
* y(0)=0 .

QUT
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Example: population decay () < 0)

solutions to dy/dt =\ y

for A =-0.3

. dy ,
S R
Parameter: A = —0.3 387 AR R R
o AR R R R R
Initial values: 2 AN N N A N NN
e y(0) = 10 S N N N N N R N SR N
. (0) = 4 ‘—3‘;4'\\\\\\\\\\\
Yy = o NN N N N N N NN NN
.y(O):Q 2F N N N N N N N N N NN
*y(0)=0 ol ST

QUT
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Example: constrained growth

Dynamics: solutions to dy/dt = X y (1 - y/K)
forA=0.5K=8
dy Y 12}

= %) SEEEEER RS
dt K I N N S N RN
R NN N NN
o

3
A=05and K =8 i
S 6 VA A A A S A A A A S a4
‘e . B LSS S S LSS LSS S

Initial values: s
a 4 oSS S S S S S S S S S S
* y(0)=0 g VAV A R A A A R
VA A A A A S A A S A S a4

QUT
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Stability

Ball on a landscape analogy

® Ball position = system state
® Gravity = system dynamics

Steady state (or equilibrium): ball at rest

® Balanced on hilltop or resting at bottom of valley, both are at steady
state

Stable steady state: ball at bottom of valley
® Small perturbations — system returns to steady state

Unstable steady state: ball on hilltop
® Small perturbations — system moves away from steady state

he university
the real world




Example: steady states and stability

unconstrained growth

87 ? ; ;

e, ’r
>

e Steady state 8 Vv
2]

g4l v

o] S
>

Sot P
o

e Stable or unstable? | -~~~ 7 7 7

0,
0 2 4 6 3 10
time t
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List steady states and classify

(a) unconstrained growth (b) population decay (c) constrained growth
] ML L L LN L L L

8 ’/’/’/ B\f\f\f\f\:x\:\:\:\:\: o
g v c ARARRRRR =8
s = NENENENENENR =3
E / / / E AN N U T T 3
@ P @ NNVNN N NN 3 6
Z, c, 2
2 s NN NN NN N 5
£ o = NN N N NN g4
g2 s g2 NG S~~~ g
g g g,

0 0 0

o 2 4 6 8 10 o 2 4 6 8 10 o 5 10
time t time t time t
1. Steady state y* =0 1. 1.

Unstable

QUT
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Mathematical definition: steady state

® Steady state: no change in time

® Find y* that solves

d
4o
t y=y*
d trained th
Example (C): @y =05y (1 — y) (c) constrained grow
dt 8 10
® Find y* that solves g
d i
d7y =0.5y" ( yg) i,
t y=y* ,
® Steady states: y* =0 or y* =8 ’ fimer

questions?
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Stability test

A steady state y* is stable if

a4 (dy
dy \ dt

<0

Y=y~

QUT
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Example:

stability in unconstrained growth

1. Plot dy/dt versus y

2. Draw dynamics on x-axis
2.1 Arrows: direction of change in y
® Positive change:
® Negative change:
2.2 ldentify steady states and types

® Unstable:
® Stable:

the university
for the real world

®

dy g
— =0.3 o
dt Y

y versus dy/dt=0.3y

w

N

-

o

change in population size dy/dt

0 2 4 6 8 10
population size y




Example: stability in population decay

8
e
i
1. Plot dy/dt versus y g
0
d 0 2 4 6 8 10
d721{ =-0.3 y time t

y versus dy/dt =-0.3y

2. Draw dynamics on x-axis

2.1 Arrows: direction of change in y
2.2 lIdentify steady states and types

change in population size dy/dt

0 2 4 6 8 10
population size y
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the university
for the real world




Example: stability in constrained growth

1. Plot dy/dt versus y £,
dy Yy O
- = 05 ( - *) ’ 51irne1 0
dt YU

y versus dy/dt=0.5y (1 - y/8)

2. Draw dynamics on x-axis

2.1 Arrows: direction of change in y
2.2 ldentify steady states and types

change in population size dy/dt

0 2 4 6 8 10
population size y

QUT
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Examples together

(c) logistic growth

(a) unconstrained growth

(b) population decay

()4 5215 uoneindod

time t

y versus dy/dt = 0.5y (1 - y/8)

D

T o o n
S &

EICIEY

10/Ap 8215 uoneindod uj abueyo

>
3.
<
W
b ]
3 3
E s
= @
]
4
]
H
>
= P q
®  © < o b o B
(A o215 uogeindod 1p/Ap 8215 uopeindod ui abueyd
SNNN NN A
A N N NN NN
SNNN NN A
>
NN NN ©
s
NN NN I
NN o g
E 5
AN NN = o
]
NN\ 2
$
AR <
AR\
A S NG NN RN D

v«
() o215 uoneindod

EE)
1p/Ap 5215 uonein

= S
dod ur aBueyo

10

population size y

population size y

population size y

iversr

2
s
3
g
Q
<
=
=
2
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Find and classify steady states

y versus dyldt=03y

y versus dyldi=-03y y versus dyidt =08y (1.-y18)
2 ol&
£
g1 g
: c2
5 52
o i 6 s 1 R o 2 & 6 8w
populaton size y populaion size y population size y

Find and classify steady states. What distinguishes stable from unstable?
(Hint: look at slope of blue curve at steady states)

find steady states and classify

dy/dt

AAA

y

QUT
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Steady states classification

find steady states and classify

® Positive slope: unstable el
® Negative slope: stable

® Which slope, in maths?

Stable steady state:
® Slope of dy/dt with respect to y at y* is negative
<0

o L (dy
dy \ dt y=y*

Unstable steady state:
® Slope of dy/dt with respect to y at y* is positive

d (dy
o
dy<dt)’ y*>0

QUT
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Example: stability in constrained growth

y versus dyldt=0.5y (1-yl8)

d
® Dynamics: d—:i =05y (1 — %)

jon size dyldt
o &

hange in populati
o o~ &
¢

® Steady states: y* =0 and y* =8

L. d [dy
e Stable if: cTy (dt)

<0

=y* o 2 4 6 8 10
: population size y

Rearrange for convenience: Take derivative wrt y
d_y_v d (dy\ _1 'y
a2 1 dy \dt) 2 8

When y* = 0: When y* = &:

d (dy = 1 > 0 Unstable 4 (dy = 1 < 0 Stable

dy \dt)|,_o 2 dy \dt )|, g 2

QUT
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Questions?

Feedback QR code for this week:

[m] ot [m]

=
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the university
for the real world




Break

Suggested questions:

1. What's your favourite band?

2. What's your group-project energy: plan everything 3 weeks early or
thrive gloriously in the final 48 hours?

(There will be an exam on your friends’ answers in Week 7)
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